Introduction
In spite of the many endeavours and experimental works undertaken in the past several years, the effect of turbulent boundary layers flow on the aerodynamics forces is still not fully understood.
The air flow on turbulent boundary layers is highly important for various engineering applications such as aerodynamics and design of building and structures, and also concerned
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with the dispersion of natural ventilation and heat transfer between the ground surface and the atmosphere. There are some improved relations for certain situations and mathematical models, for example implemented in computational methods in literature. However, there is not as much research done on the manipulation of the boundary layer since the 'discovery' of the boundary layer. This can be of interest for studies on efficiency or drag of wings of aircrafts or blades of wind turbines.
In the past few years, different experiments have been carried out by many researchers for measuring skin friction and drag force in wind tunnels to grasp the various aerodynamic effects in real environment. Maruyama [1] used a floating element in the water bath. The floating element used in his experiment was not connected to the floor of the wind tunnel. Latter, Mochizuki et al [2] installed a floating element to a mechanical device in the wind tunnel to direct measurement of the wall shear stress. Gillies et al [3] measured drag force on individual obstacles on a load cell. They used the shear stress partitioning model for predicting the amount of surface shear stress, given knowledge of the stated input parameters for the patches of roughness in their experiment. Cheng et al [4] conducted the experiment using an oil bath with a raft. They found surface shear stress about 25% greater than the measured Reynolds shear stress in the inertial sub-layer over the surfaces. They concluded that no constant stress region and extrapolation of the shear stress profiles in the inertial sub-layer to the zero-plane displacement provided a much better estimate of the surface shear stress. Buccolieri et al [5] measured drag force in the wind tunnels with a standard load cell. Fernholz et al [6] introduced a new developments and applications of skin-friction measuring techniques based on the oil-film interferometry. The oil-film interferometry technique could be applied to assess the shear stress and skin friction, and it has been proved scientifically and technically.
The configuration of turbulent boundary layer flow is very complicated, irregular and random.
The boundary layer over a flat plate can also be considered as inner and outer layers with their own specific scaling and scaling between Wind Tunnels [7, 8] . In fact, the boundary layer velocity profile of turbulent flow over a flat plate (zero pressure gradients) has a larger velocity gradient at the wall since it is much fuller than the one in the laminar flow. This leads to have greater skin friction along the surface in the turbulent flow. In addition, a turbulent boundary layer on a flat plate with is used broadly for the intention of turbulence research as an
important approximation for many problems in engineering. For instance, the boundary layer on an airplane fuselage in cruise conditions is very similar to the flat plate boundary layer.
Turbulent boundary layer flow over a flat plate is also one of the most prevalent phenomena which befall in the blades of turbomachinery, rotary compressors and computing the friction force on lifting fuselage and surfaces.
A turbulent flow is called self-similar when all or some of its statistical properties are dependent to the particular combination of independent variables [9] . Therefore, self-similar flow depends on smaller number of variables. It is evident that dealing with this type of flows is much easier.
Self-similar boundary layer is a worthwhile phenomenon that simplifies the solution and helps to better understanding of the boundary layer and experimental results. Townsend [10] introduced the self-similarity solution in turbulent flow as the symbol of a dynamic equilibrium. Wolfshtein [11] carried out a practicability study on the existence of self-similar solution for the 2-D incompressible turbulent boundary layer. Mellor and Gibson [12] demonstrated that selfsimilarity may be attained when free stream velocity is expressed as a function of longitude coordinates. Clauser [13] investigated experimentally on a desirable pressure gradient which generates a self-similarity turbulent boundary layer. In his study, a constant dimensionless pressure gradient was introduced as a condition for self-similarity of boundary layer.
Blasius [14] introduced a technique called -similarity solution‖ to reduce the partial differential equations (PDEs) to ordinary differential equations (ODEs) in boundary layer problems. This primitive study of Blasius became a basis for simplifying complex turbulent equations. Since turbulence is a sophisticated phenomenon and its analysis and precise identification is not routine, many researchers have tried to discover a similarity solution to simplify the solution process [15] [16] [17] .
In recent decades, numerical approaches have been developed significantly. However, owing to some limitations [18] , many researchers [19] [20] [21] [22] have been fascinated by analytical solutions as alternative ways. Perturbation methods are one of the most recognized techniques which have been widely used by scientists in different areas of science and engineering [23] . However, these methods are suffering from the lack of dependency upon small and large physical variables.
Hence, they are not capable to apply to some of strongly nonlinear problems. Consequently, nonperturbation methods such as VIM [24] [25] [26] [27] exposed to remove the dependency to small and large 
Experimental Method

Test facility
A schematic of the test facility used for the experiment is shown in figure 1 . 
2.2.Thin-Oil-film techniques
The oil-film interferometry method is based on the comportment of an oil film (normally less than 10 μm) when shear stress function on it. Applying the thin film interference to determine the oil film thickness for the first time was introduced by Tanner and Blows [28] . Skin friction would be gained by determining the wall shear stress in the wind tunnel. This means Thin-Oilfilm technique is an indirect method for measuring skin friction or drag force. Therefore, it is necessary to have the correlation between the wall shear stress and the thickness of oil film on the wall. Once the oil on the smooth plate is exposed in the air flow inside the wind tunnel, a wedge shape film would be formed (figure 2). The shear stress would be uniform since the oil flow is considered two dimensional. As a result of small film thicknesses, the gravity effect, surface tension and the pressure gradient can be
neglected. Thus, the correlation between the wall shear stress and local oil thickness can be written as [29] :
where, w  is the wall shear stress, x is the displacement of oil, oil  is the viscosity of oil, t is the time and h is the local film thickness. The light source here is a high pressure mercury vapor lamp and it orients the light directly on the film with an angle of θ. As stated by the interferometry axiom, there are two types of reflected lights. One is reflected off the oil surface and the other after penetrating the oil, is reflected off the wall. 
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According to the interference optics principle, the film thickness can be written as [28] :
in which  is the phase shift (difference) between the waves in radians oil n and air n are the refractive indices of oil and air respectively and λ is the wavelength of the incident light.
After defining the wall shear stress, the skin friction can be obtained as follows:
where  is the density and  U is the free stream velocity.
Mathematical Modeling
Governing equations
An incompressible turbulent flow over a flat plate with no pressure gradient is considered here.
Cartesian coordinates x and y are aligned parallel and perpendicular to the wall respectively as shown in figure 4. Since the flow is turbulent, every velocity and pressure terms are quickly altering random functions of time and space due to the fluctuations. The Reynolds averaged Navier-Stokes (RANS) equations are considered for a two dimensional turbulence flow to determine the flow fields as expressed bellow [9] :
), (
where u and  are the components of the velocity in x and y direction, respectively,  is the kinematic viscosity, and prime ( ' ) indicates the fluctuation terms of the velocities. The boundary conditions can be written as: (9) in which m l is the Prandtl mixing length. The stream function is described as bellow: 
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Considering the definition of the stream function, the equation (8) can be defined as:
By substituting equations (12)- (17) into equation (8) the generally self-similar equations can be written as follows:
The boundary layer over a flat plate can be considered as two divisions: inner and outer layers with their own specific scaling [30] . According to the experimental mixing length curve [31] , the following correlation is considered: (19) in which *  is the boundary layer thickness and  is a constant. Comparing Equation (19) to the experimental mixing length curve [31] , gives:
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We consider the following assumption to make the coefficients independent of x in order to find a similarity solution
According to Equation (11) 
with following boundary conditions: (27) with the boundary condition as:
where the value of  can be found based on the work done by Anderson and Kays [31] . 
Substituting equation (29) into equations (25) and (27) 
with the boundary conditions:
After solving above equations, the friction coefficient can be represented as:
in which  and  are dynamic viscosity and density, respectively. In addition, based on equation (24) the boundary layer thickness can be expressed as:
Analytical approach
According to VIM [24] , in order to solve (30a) and (30b) the correction functional can be constructed as: . To find the optimal value of  , we have
Making the above correction functional stationary, the following stationary conditions can be obtained:
Thus, the Lagrange multiplier can be expressed as:
as a result, the following variational iteration formula can be obtained Now we should start with arbitrary initial approximations such that they satisfy the boundary condition. According to equations (30a) and (30b) and boundary condition of (31), the boundary conditions can be divided into two distinct boundary conditions. As a result, equation (31) would be expressed as: 
in which a and b are dummy variables and can be determined by a continuity of equations (30a) and ( C are constants and can be obtained by defined boundary conditions. We use the symbolic software MATHEMATICA to solve the integrality equations, (38a) and (38b), with the initial functions of (40a) and (40b), and successively obtain ) (  and once the equations (30a) to (30b) have been solved, the skin friction coefficient and the boundary layer thickness could be calculated from equations (32) and (33), respectively.
Variation of the skin friction coefficient f C by Reynolds number is shown in Figure 6 . The results in figure 6 Reynolds number increases, the thickness of turbulent boundary layer decreases.
The variation of dimensionless velocity profiles Figure 8 . As it can be seen in this figure, by gaining Reynolds number the transferred momentum between the core of the flow and the wall is accomplished, and hence the velocity gradient is increased at the vicinity of the plate. 
